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Abstract

Counting subgraph motifs is a fundamental kernel in large-scale
graph analytics, yet square (4-cycle) estimation in dynamic graphs
remains challenging due to combinatorial explosion and distributed
state maintenance costs. We introduce SQUASH (SQUare Approx-
imation via Sampling and High-performance communication), a
distributed framework for streaming square estimation, and demon-
strate both theoretically and empirically that the average error in
square counting decreases inversely with the number of work-
ers. The results indicate that utilizing approximately 1.5% of mem-
ory compared to the exact counterpart yields a relative error of
about 1%. Additionally, it provides unbiased estimates with (e, §)-
approximation guarantees. By leveraging Bernstein-type concentra-
tion, we prove that O( I# log %) samples are sufficient for accurate
estimation, where p is the closure probability of centered 3-path.
For large-scale graphs in static settings, centered 3-path sampling
reduces computation time by approximately three orders of mag-
nitude relative to exact counting method having relative error of
approximately 1%. Furthermore, we provide a rigorous communi-
cation analysis showing that volume is governed by the interplay
between wedge generation rate and pair-space size, achieving sub-
linear growth with provable phase transitions. This exposes a prin-
cipled three-way trade-off between estimation accuracy, memory,
and communication cost. Experiments on graphs with up to 117M
edges demonstrate that SQUASH maintains high accuracy while
establishing a mathematically grounded solution for higher-order
motif estimation at scale.
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1 Introduction

A graph, as a non-linear data structure, models a wide range of
real-world systems across network science, bioinformatics, and
social networks [1-6, 15, 17]. Modern networks are large-scale and
dynamic, with edges continuously evolving over time. Analyzing
higher-order structures is crucial for understanding properties such
as community structure and interaction dynamics. Graph motifs, as
small recurring subgraphs, play a fundamental role in network anal-
ysis. While triangles have been extensively studied for applications
such as clustering coefficient (CC), transitivity, and triangular con-
nectivity, squares (4-cycles) capture richer structural interactions
and reveal higher-order relationships within complex networks.
Consequently, square counting provides valuable insights into the
underlying structural organization of these networks. Moreover, the
square is the smallest non-trivial closed motif in bipartite graphs.
In contrast, square counting in unipartite graphs is computation-
ally more demanding due to the substantially larger number of
candidate subgraphs.

Counting squares at scale is computationally challenging due to
combinatorial explosion, making exact enumeration prohibitively
expensive. Higher-order motifs also incur significantly greater in-
termediate memory overhead than lower-order ones. These chal-
lenges are exacerbated in distributed settings, where partitioning
introduces communication and synchronization costs, along with
redundant storage of neighborhood information. The problem is
further complicated in fully dynamic graphs, where maintaining
exact counts under insertions and deletions requires costly recom-
putation or complex state management.

To address these challenges, approximate algorithms [1, 13, 24, 30]
have emerged as a practical alternative, offering significant compu-
tational savings while providing controlled error guarantees. How-
ever, existing work on approximate motif counting is largely limited
to static graphs, sequential settings, or lower-order motifs such as
triangles. In particular, there is a lack of principled approaches for
higher-order motif estimation-such as squares—in fully dynamic
graphs under distributed execution, where both statistical accuracy
and communication efficiency must be jointly addressed.

We address this gap by developing a distributed framework for
square counting in fully dynamic graph streams, with a focus on
provably accurate approximation. Our method employs a random-
ized pairing mechanism for unbiased estimation under arbitrary
updates, supported by rigorous variance and error bounds and
explicit communication analysis.
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To the best of our knowledge, this work presents the first
distributed algorithm for square (4-cycle) estimation in fully
dynamic graphs with provable accuracy guarantees. Our for-
mulation unifies dynamic graph processing, higher-order motif
estimation, and distributed systems considerations into a single
principled framework.

Contributions. The key contributions of this paper are as follows:

o First provably accurate distributed square estimation in
fully dynamic graphs. We design a random-pairing based es-
timator tailored for distributed environments for 4-cycle count-
ing that operates under arbitrary edge insertions and deletions.
The estimator produces unbiased estimates and is accompanied
by provable error bounds derived via concentration inequali-
ties, establishing a principled foundation for higher-order motif
estimation in dynamic distributed settings.

o Theoretical characterization of accuracy and communi-
cation trade-offs. We provide formal analysis of estimator
variance and error bounds for the sampling techniques, along-
side theoretical communication cost analysis for distributed
execution of the wedge-based framework.

e Comprehensive evaluation on static and fully dynamic
graphs. We conduct extensive experiments on large real-world
graphs of different domains using distributed-memory systems.
We further analyze memory efficiency and robustness under
varying update patterns.

2 Preliminaries

We consider a simple, undirected, unweighted graph G = (V, E),
where V denotes the set of vertices and E C V XV denotes the set of
edges. The graph contains no self-loops or multi-edges. Exact motif
counts in many large-scale applications are computationally prohib-
itive and therefore, approximate counts with provable guarantees
are sufficient. For parameters €,d € (0, 1), an (€, §)-approximation
of a quantity x is a random variable x such that

Pr(|x —x| > ex) < 6.

A square (4-cycle) is defined as a set of four distinct vertices {u, v, x, y}
such that the edges (u,0), (v, x), (x,y), and (y,u) exist in E;. We
emphasize that we count non-induced squares, i.e., additional edges
among these vertices do not invalidate the count. In this work,
we focus on estimating the number of non-induced squares using
sampling-based techniques that provide such probabilistic guar-
antees. Along with static networks, we study the problem in the
context of fully dynamic graph streams. Let {ey, e,,...} denote a
sequence of edge updates, where each update e; = (u,v, o) consists
of an edge (u,v) and an operation o € {+,—} indicating inser-
tion or deletion, respectively. At time ¢, the graph is defined as
G; = (V;, E;), where E; is the set of edges after processing the first
t updates, and V4 is the corresponding set of vertices. Table 1 lists
the notations used in this paper.

3 Related Work

Motif counting is fundamental in large-scale graph analytics, with
applications in network science, biology, and social systems. While
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Table 1: Summary of Notations Used in this Paper.

Symbol Description

G = (v E®) Graph at time ¢

n® m® #vertices, #edges

1= (u,0,0) Dynamic stream, § € {+1}
N Square count

N Sequential estimate

cgt), ¢ Worker and global estimates
R, R;t) Reservoir (global / worker)

k Reservoir size

T®, y® Effective stream and sample size
P Number of Partitions / Probability
pét) 3-edge sampling probability

lep #Centered 3-path in graph

A0 Inverse weight (l/pét))

pﬁt) r-edge sampling probability

N (u), Nr(u) Graph / reservoir neighbors
c((,t) Overlap counts (£ =0, 1, 2)
T,|T| Worker set and size

M =|T|k Total memory

triangle counting is well studied [1, 31, 34], extending to higher-
order motifs such as squares (4-cycles) is more challenging due to
combinatorial explosion and stronger edge dependencies.

Exact and Distributed Square Counting. In sequential settings, sev-
eral works have explored exact counting of small subgraphs and
graphlets, including higher-order motifs [23, 25, 27]. These ap-
proaches achieve efficiency through combinatorial pruning and
ordering techniques but are fundamentally limited by memory
and computational constraints at scale. In distributed settings, rela-
tively few works address square counting directly. The work [32]
transforms the input graph into a degree-ordered directed graph
to reduce redundant enumeration and distributes the computation
across nodes. While effective, such approaches focus on exact count-
ing in static graphs and incur significant communication overhead
in distributed environments.

Butterfly and Bipartite Motif Counting. Squares are closely related
to butterflies (i.e., 2 x 2 bicliques) in bipartite graphs, and a large
body of work has focused on efficient butterfly counting. Tang et
al. [33] propose MONARCH, which reduces computational and
communication overhead by leveraging only first-hop neighbor-
hood information. Sanei et al. [28] introduce a layer-based priority
technique that minimizes 3, deg(v)?, while Wang et al. [35] pro-
pose a vertex-priority method (BFC-VP) that reduces complexity to

o (Zw,v)eE min{deg(u), deg(v)}). These methods do not address

fully dynamic updates in distributed environments.

Approximate and Sampling-Based Methods. Approximation tech-
niques have been widely studied to address scalability in motif
counting. Prior work [13] includes path sampling for 4-cycles and
sparsification methods such as DOULION [34] and wedge sampling
[30] for triangles. However, extending these approaches to 4-cycles
is non-trivial due to higher-order edge dependencies, complicating
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Table 2: Comparison with prior work. Tri: triangle, 4C: 4-
cycle, Bfly: butterfly. (v: supported, X: not supported, ~: par-
tial)

Work Motif Dyn Dist Approx Prov
Jha et al. [13] 4C X X v ~
DOULION [34] Tri X X v v
Wedge [30] Tri X X v v
TRIEST [31] Tri v X v v
ABACUS [24] By v  ~ v ~
MONARCH [33] Bfly X X X
Steil et al. [32] 4C X v X X
This Work 4C v v v v

unbiased estimation and variance control. Consequently, princi-
pled sampling methods for higher-order motifs remain relatively
underexplored, especially in distributed settings.

Dynamic Graph Streams. Dynamic graph algorithms have been
extensively studied, particularly for triangle counting in streaming
settings (e.g., TRIEST [31] and sketch-based methods [21]). How-
ever, these approaches do not generalize well to 4-cycles due to
higher combinatorial complexity. The studies [22] and [19] present
approximation algorithms for counting 4-cycles in insertion-only
graph streams. Recent works such as ABACUS [24] and PARABA-
CUS address dynamic bipartite motifs, but existing methods remain
limited in scope, lacking distributed scalability or unified theoreti-
cal guarantees. General-purpose distributed frameworks such as
Pregel [20], PowerGraph [9], and GraphX [10] support scalable
graph analytics but offer limited capability for higher-order motif
estimation under dynamic updates with provable guarantees.

Summary and Positioning. Prior work addresses approximation,

dynamic updates, or distributed execution individually, but not all

three for higher-order motifs such as squares. To the best of our

knowledge, this work is the first to provide a unified, communication-
efficient distributed framework for square (4-cycle) estimation in

fully dynamic graphs with provable guarantees.

Table 2 highlights that prior work addresses only subsets of the

problem dimensions, whereas our approach uniquely combines

fully dynamic support, distributed execution, and provable accu-

racy for square approximation.

4 Distributed Exact Square Counting

In this section, we discuss the challenges of exact square counting in
static and dynamic networks. We also analyze the communication
cost for wedge-based framework in distributed settings.

4.1 Challenges in Static & Dynamic Networks

Efficient square counting in distributed-memory systems is funda-
mentally constrained by two interacting factors: communication
overhead and load imbalance. When a graph is partitioned across
multiple processes, edges are categorized as interior edges, whose
endpoints lie within the same partition, and cut edges, which con-
nect vertices across partitions. Partitioning tools such as METIS
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Figure 1: Communication volume (log) for exact distributed
square counting (METIS partitioning); the communication
volume increases with the number of partitions.

[16], ParMETIS, JET [8], aim to minimize the number of cut edges
while maintaining balanced partition sizes, thereby reducing inter-
process communication. However, minimizing edge cuts alone does
not guarantee balanced computational workload [1]. The highly
skewed degree distributions of real-world social networks make
achieving balanced graph partitioning a challenging task. Figure 1
shows the increase in communication volume with the increased
number of partitions regarding exact square counting.

In square counting, the computational cost is driven by wedge
enumeration, i.e., the number of neighbor pairs processed at each
vertex. Since this cost scales with vertex degree, skewed degree
distributions can lead to substantial imbalance even when parti-
tions are balanced in size. As a result, some processes may incur
significantly higher computational load than others, causing syn-
chronization bottlenecks during global aggregation. In practice, the
overall runtime is dictated by the slowest process, making workload
imbalance a critical performance limiter. While effective for static
graphs, this approach becomes prohibitively expensive in fully
dynamic settings, where the graph evolves continuously through
edge insertions and deletions. Additionally, each update can affect
a potentially large number of wedges and, consequently, multiple
squares.

A further challenge arises from the distributed nature of square
formation. A square may span up to four distinct partitions, re-
quiring multi-hop communication to identify all the squares. This
leads to increased communication volume and synchronization
overhead. In dynamic settings, frequent updates may trigger re-
peated communication, making it critical to minimize both the
volume and frequency of synchronization. Conversely, replicating
neighborhood information locally can reduce communication but
increases memory usage. For dynamic updates, partition imbal-
ance can worsen over time due to structural drift, requiring robust
update handling that avoids global repartitioning.

4.2 Distributed Algorithm for Static Graphs

Algorithm 1 presents a distributed wedge-based formulation for ex-
act square counting. The input graph G = (V, E) is partitioned into p
disjoint subgraphs Py, Py, . . ., Py, each assigned to a distinct process.
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Algorithm 1: Distributed Exact Square Counting in Static
Graphs

Input: Graph G = (V, E), number of partitions p

Output: Total number of squares S
1 Partition G into {Py,...,Pp};
2 Initialize wedge_countiocal < {};
3 foreach v € V), do
1 | foreach {u,w} € (Ngv)) do
5 wedge_countioeal (U, w)

wedge_countioe (u, w) + 1;

6 wedge_countglopa < GatherAndReduce(wedge_countiocar);
78S« 0;

s foreach (u, w) in wedge_countgop, do
‘ S S+ (wedgeicountglobal(u,w)).
2

>

o return S/2;

=

Each process operates on its local subgraph Gioeal = (Viocal, Elocal)s
where Gipeal € G.

The key idea is to count wedges (i.e., length-2 paths) centered at
each local vertex and aggregate these counts globally to recover
the number of squares. For each vertex v € Voo, We enumerate
all unordered pairs of neighbors (u, w) € (N ;v)) and maintain a
local count of such wedge pairs using a hash map. Intuitively, each
square corresponds to two wedges sharing the same endpoint pair;
thus, once global wedge counts are aggregated, the total number of
squares can be computed combinatorially.

After local computation, processes collectively perform a global
aggregation (e.g., via MPI_Gather and aggregation) to obtain the

wedge_countgiobal. The final square count is computed by summing

d, t, 3 : . . .
(vedge-countgiobal ()} oyer gl vertex pairs. This formulation avoids

2
explicit enumeration of 4-cycles and instead relies on efficient ag-
gregation of local statistics.

The local computation cost is O (Zveme deg(v)z), while commu-

nication cost depends on the number of distinct vertex pairs shared
across partitions.

4.3 Communication Cost for Wedge-Based
Framework

In distributed square counting, communication arises from aggre-
gating wedge counts across partitions. We analyze the expected
communication volume by modeling the number of unique vertex
pairs contributed by each partition during the global aggregation
phase.

Preliminaries. Let V; and V; denote the sets of local and ghost ver-
tices (owned by other partltlon) in a partition, respectively, and let
Vp = ViUV be the set of vertices stored in that partition. We denote
their sizes as n; = |V||, ny = |Vy|, and n;, = |V,|. Let d, denote the
degree of vertex v. Each partition generates wedges centered at its
local vertices. The total number of wedges generated in a partition
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nwp=2( ) Zdz Zd . (1)

veV] veV] veV]

Each wedge contributes a pair of endpoints. The universe of possible
endpoint pairs within a partition is:

Npp = (nzp). (2)

Expected Number of Unique Pairs. We model wedge endpoint gener-
ation as sampling n,,,, pairs uniformly (with replacement) from the
space of n,, possible pairs.! Let X denote the number of distinct
pairs observed. Using indicator variables :

1\"™
BIX) =gy (1= (1= ) 7). ©)
Mpp

This expression characterizes the expected number of unique pairs
contributed by a partition to the global aggregation, and thus di-
rectly models its communication footprint.

Closed-Form Approximation. For large n,,, we use the approxima-
tion (1 — ﬁ)”wl’ ~ e~ ™wp/"p | yielding:

E[X] ~ n, (1 - e*"wp/"w) . (4)

Using a Taylor expansion, we further obtain:

Mp Moup
E[X]znwp—2—+0 - |- (5)
Npp Mop

Birthday Paradox Interpretation. Equation 5 admits a natural inter-
pretation via the birthday paradox [14]. The expected number of
pair collisions is:

E[collisions] = (”‘24'1’) . L (6)

Thus, the number of unique pairs is:

”wp(nwp -1)

E[X] % nywp — o
PP

. @)
which corresponds to the first two terms of Equation 5, where
for large graphs, n,,, > 1. This highlights that communication is
reduced by collisions among wedges mapping to the same endpoint
pair.

Total Communication Across Partitions. Using linearity of expecta-
tion, for p partitions, the total expected communication volume
is:

nd

p 1 wp
Xtotal Z () 1_( - Tl)) . (8)

Npp

!This approximation captures the average-case behavior and becomes increasingly
accurate for large graphs with moderate degree skew.
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Key Insights. The analysis reveals several important properties:

¢ Sublinear communication growth. When n,,, < n,,, we
have E[X] % n,,p, implying minimal collision and near-linear
communication. However, as Nyyp GTOWS relative to Npp, colli-
sions increase, reducing the number of unique pairs and thus
communication volume. When n,,, = 0(np,), the expected
communication saturates at ©(n,,), indicating a phase transi-
tion from sparse to dense collision regimes.

e Impact of partition size. Larger n, increases n,,, which re-
duces collision probability and increases communication. Thus,
overly large partitions may increase communication despite
reducing edge cuts.

e Role of degree distribution. Since n,,, « Y, d2, high-degree
vertices dominate communication cost, highlighting the impor-
tance of degree-aware partitioning.

¢ Communication-computation trade-off. Increasing local
redundancy (larger V;) increases n, and n,,, reducing compu-
tation duplication but potentially increasing communication.

Implication. This analysis shows that communication cost is gov-
erned not only by edge cuts, but by the interplay between wedge
generation rate (n.,p) and pair space size (np,). This provides a prin-
cipled basis for designing communication-efficient distributed motif
algorithms.

Concentration Bound. Let X; denote the number of unique pairs
in partition i, and S = Zle X;. Since 1 < X; < nfji),, Hoeffding’s
inequality [12] gives:

Pr(IS—E[S]| > €) < Zexp(— 2¢! ) )

P (nll) - 1)?

Optimization. The exact square counting approach incurs substan-
tial communication overhead in distributed wedge-based frame-
work, with the communication volume increasing proportionally
to the graph size. To mitigate this limitation, Algorithm 1 can be
optimized by exploiting partition locality. Specifically, if both end-
points of a wedge reside in the same partition, the corresponding
computation can be performed entirely within that partition, elimi-
nating the need for inter-partition communication. Consequently,
only wedge-endpoint pairs spanning multiple partitions require
global processing. Each worker therefore transmits only the cross-
partition wedge-endpoint pairs together with the locally computed
square count corresponding to wedges whose endpoints lie within
the same partition.

For large-scale graphs, the majority of wedge-endpoint pairs are
typically confined to the same partition. As a result, this optimiza-
tion substantially reduces the communication volume by avoid-
ing the transmission of locally computable wedge-endpoint pairs,
thereby improving the scalability and communication efficiency of
the distributed algorithm.

5 Approximation Algorithms for Static Graphs

This section is centered around the edge, wedge, and centered 3-
path sampling techniques and their provable error bounds.
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Figure 2: Constituent blocks of a square: edge, wedge, and
centered-path.

5.1 Edge-Based Approximation

Let the squares in the graph are numbered from 1 to S. Assuming
the number of squares containing edge e is X. X; is 1 if i-th square
contains e, otherwise 0. X = Y3 X;.

S S
E[X] = Y E[X] = )| P[X; =1]
i=1 i=1

Since every square has four edges and m is the number of edges in
the graph. P[X; = 1] = %. Therefore,

4
E[X] =Sx = =— S=E[X]x 2.
m 4

Variance Analysis. The approximate square count is S

2
Var(8) = Var -
16

S
Z Var[X;] + 2 Z Cov(X;, X;)| -
i=1

i<j

S
m
2%
i=1
(10)

For edge sampling, a pair of squares can share one edge or one
wedge. Taking this into consideration and let [r be the number of
squares that share at least one edge,

Var($) < % (S+1p). (11)
Applying Chebyshev’s inequality [29] to derive error bounds,

Pr(|§ _8> eS) < (%)

5.2 Wedge-Based Approximation

To obtain a scalable alternative, we adopt a wedge-based random-
ized estimator that avoids exhaustive enumeration while preserving
provable accuracy guarantees.

Let G = (V, E) be a simple undirected graph. Define the total num-

ber of wedges in G as
dy
W= 12
> (%) (12

veV

Let, the squares in the graph are numbered from 0 to S. Assuming
the number of squares containing wedge w is X = S,,. Similar to
Edge-Based approximation, we can show that, S = E[X] X %.

For wedge sampling, a pair of squares can share at most one wedge.
Let Iy be the number of squares that share one wedge and similar
to Equation 11,

Var(8) < % (S+ly). (13)
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Applying Chebyshev’s inequality to derive error bounds,

. WS +1
Pr(lS —5| > eS) < (%)

5.3 Centered 3-Path Based Approximation

Let G = (V, E) be a simple undirected graph. Figure 2 shows the
centered 3-path containing edges (cs, ¢1), (¢1, ¢2), and (¢, ¢4), where
c3 > ¢z and ¢4 > c1. Define the total number of centered 3-paths in

G as
lcp = Z Aes (14)

where A, = L, ,Lyy. And L, , is the number of neighbors of u
greater than . Let, S denote the total number of squares in G. Since
each square contains exactly one centered 3-path, the probability
that a uniformly sampled centered 3-path belongs to a square is

S
cp

We sample s centered 3-paths independently and uniformly at ran-
dom with replacement. For the i-th sampled centered 3-path, define
the indicator variable X; = 1 if the sampled centered 3-path partici-
pates in one square and otherwise X; = 0. Let

L1y

The centered 3-path based estimator of the global square count is
then

Y A
s:lcpp:%”in. 17)
i=1

THEOREM 1 (UNBIASEDNESS). The estimator S in Equation (17) is
unbiased: E[S] = S.

ProoF. Since each sampled centered 3-path is drawn uniformly at
random, E[X;] =p = %. Therefore,

R lep S
E = — ]l =—--5-— =3.
[$1= 2 ) BIX] = s b
i=1
|
THEOREM 2 (VARIANCE). The variance of Sis
. B IepS S
Var($) = L p(1-p) = -2 (1 - —) . (18)
s s lep

Consequently, the relative standard error satisfies

A/ Var(S _
RSE(S) = $ - /ls—pp. (19)

Proor. Because the centered 3-paths are sampled independently
with replacement, the variables X; are i.i.d. Bernoulli(p). Hence,

ixi) =sp(l-p).

i=1

Var

Applying the scaling in Equation (17),

& lep : lgp
Var(5) = (T) sp(l-p) = Tp(l =)
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Substituting p = % yields Equation (18). Then dividing by S? and

taking square roots gives Equation (19). O

Equation (19) is particularly informative: it shows that the estima-
tor accuracy is governed primarily by the centered 3-path closure
probability p, rather than directly by the graph size. In particular,
when square-supporting centered 3-paths are not extremely rare,
the required number of samples remains moderate even for massive
graphs. To achieve relative standard error at most 7, it suffices that

1-p
prt
This dependence on p rather than |V| or |E| makes the estimator

practically attractive for large graphs with non-negligible square
density among centered 3-paths.

s> (20)

THEOREM 3 (HIGH-PROBABILITY ACCURACY). For anye,§ € (0,1),

A se?p?
Pr([S—-S|>€S) <2 _—— . 21
r(| = )_ eXp( 2p(1—p)+§ep) ey

Equivalently, it suffices to choose

1 1

to obtain an (e, §)-approximation.

Proor. Since X; € [0, 1] are independent Bernoulli random vari-
ables, a Bernstein-type concentration bound for bounded indepen-
dent variables applies to p = 1 3, X;. Specifically,

st
2p(1-p)+%n|

Because $ = I;pf and S = Ipp, the event [S—S| > €S is equivalent to
|p — p| > ep. Substituting 7 = ep yields Equation (21). Rearranging
the exponent gives the sufficient sample complexity in Equation (22).

[m]

Pr(lp-pl2n) < ZeXP(—

Similarly, for other sampling techniques, Chebyshev’s inequality
can be applied to derive a (generally loose) upper bound on the
probability of large deviations,
N I.,S — S?
Pr(IS- sl 2 e8) < (L2
se25?
Distributed Estimation. Let the graph be partitioned into p sub-
graphs P, ..., Pp. Consequently, the edges are partitioned into p
partitions, E = E; U ... U E,,. For partition P;, the local square esti-
mator is S; and the global estimator is

i=1

THEOREM 4 (DISTRIBUTED UNBIASEDNESS). If each partition samples
centered 3-paths uniformly from its local centered 3-paths, then the
estimator in Equation (23) is unbiased: E[S] = S.

Proor. Inthe distributed setting, each edge e is assigned to a unique
partition E;. Although an edge may participate in multiple squares,
every square contains exactly one centered 3-path. Consequently,
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382V

Figure 3: Edge overlap between two squares: sharing 0, 1, or
2 edges.

each square is enumerated only by the partition that owns its cen-
tered 3-path, ensuring that every square is counted exactly once
without over-counting.

For each partition, the same argument as in the first theorem gives
]E[Sf,-] = S;, where S; denotes the contribution associated with cen-
tered 3-paths in partition P;. Summing across p partitions and using

linearity of expectation yields

a]
6 Sequential Approximation for Fully Dynamic
Graphs

In fully dynamic graph streams, where edges both arrive and depart,
storing the entire graph or recomputing higher-order structures
is infeasible. We therefore propose a one-pass, memory-bounded
estimator that maintains a uniform edge sample, combining ran-
dom pairing with inverse-probability estimation to ensure provably
accurate counting under insertions and deletions.

Sampling Model. Let G®) = (V) E(®)) denote the graph at time
t, and let m*) = |[E(®)|. The algorithm maintains a reservoir $)
of at most k edges using standard reservoir sampling extended to
handle deletions via compensation counters. We assume k < m®,
which is typical in streaming settings. A square is detected when a
final edge completes a 3-edge path already present in the sample.

THEOREM 5 (UNIFORM TRIPLET SAMPLING). At any timet, any fixed
set of three distinct edges is present in the reservoir with probability

p;t) where

o K\
o = (,,(jl) ~ (W) . (24)
3

Proor. The result follows directly from uniform sampling without
replacement in reservoir sampling. The joint inclusion probability
of any fixed set of edges is determined by combinatorial selection,
yielding Equation (24). ]

Estimator. Let A(*) = % be the inverse-probability weight. For
P3
each update (u, v, §):
e If § = + (insertion), and (u, v) completes a square using sampled
edges, we increment the estimate by AE=1)

e If § = — (deletion), and (u,v) destroys a previously counted
square, we decrement the estimate by (=1,

Let $) denote the cumulative estimate.
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THEOREM 6 (UNBIASEDNESS). At any timet, E[S()] = ()

Proor. The probability that its supporting 3 edges are present is

pgt), and the estimator applies weight 1/ pgt). Hence, the expected

contribution is 1 (or —1 for deletion). Summing over all squares
yields the result. O

Variance Analysis. Let Xl.(t) indicate whether square i is observed.
Then
$( _ 1) ZXi(t)'
i

THEOREM 7 (VARIANCE). The variance satisfies

(1~ p® p?
( P3 ) + 22 ij

P§t) i<j (Pgt))z

Var($®) = 1], (25

where pi(;) denotes the joint sampling probability of squares i and j.

Proor. The result follows from expanding Var(A }; X;) and ap-
plying variance decomposition. The first term captures individual
contributions, while the second accounts for dependencies.

Dependency Structure of Overlapping Squares. Dependencies arise
when squares share edges. Let two squares share £ € {0, 1, 2} edges.
Then:

e ¢ =0: 8 distinct edges,

e ¢ =1:7 distinct edges,

e ¢ = 2: 6 distinct edges.

Let
k
(1) _ (r)

~(5ia]
Pr ) " \m@)

r

Cov(X;, X)) = pit — (pi7)2. (26)

Using approximation:

pry K\
Oy \mo] @7)
(ps ) m
Thus:
e ¢ =2: O(1) contribution (dominant),
e {=1:0(k/m),

o £ =0:0((k/m)?).

Key Insight. The dominant dependency arises from squares sharing
two edges, while contributions from disjoint squares vanish as
k < m'®). This locality explains why estimator variance remains
controlled even in large graphs.

Closed-Form Approximation. Let

2
1) _ (D o _k o k
Cow =0(cy’) + O(c1 —) + O(c0 (m(’) ) ), (28)

m®

where c;t) counts square pairs sharing ¢ edges.
Combining terms:

. (03
Var($®)) ~ s® (mT) +C). (29)
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High-Probability Guarantee (Bernstein Bound).
THEOREM 8. Foranye,d € (0,1),

e_25(2‘)2

2Var(S®)) + %e/l(ﬂs(t) '
(30)

Pr (|SAW -5®| > eS(’)) < 2exp

Proor. This follows from Bernstein’s inequality applied to bounded
random variables with variance Var($®). O

Although the Bernstein bound provides tight high-probability guar-
antees, its dependence on variance and inverse-probability weights
complicates explicit memory analysis.

PROPOSITION 1 (SUFFICIENT MEMORY BUDGET). Let S() be the se-
quential dynamic estimator at time t. Ignoring lower-order covariance
terms due to overlapping squares, a sufficient condition for

(|§(!) -5

0) Ze)s(S

k=Q

1 1/3
(¢)
" (5625(’)) )

Proor. Using Chebyshev’s inequality together with the dominant
variance term

. m®\3
Var($®) < §® (T) ,
it suffices to require
(ORN
O[T ) < se2(s)2,
7 <
Rearranging yields the stated condition. O

Discussion. This formulation yields several important insights:

o Memory-accuracy trade-off: Variance scales as ©(S*) (m*) /k)3),

showing that increasing memory reduces error polynomially.

e Streaming scalability: The algorithm operates in one pass
with O(k) memory.

o Local dependency structure: Variance is dominated by locally
overlapping squares.

e Provable accuracy: The estimator is unbiased with tight con-
centration guarantees.

This establishes a principled framework that is both statistically
rigorous and practically scalable.

7 Distributed Approximation for Fully
Dynamic Graphs

We now extend the sequential dynamic estimator introduced in
Section 6 to a distributed-memory setting. The key idea is to com-
bine independent random pairing across workers with lightweight
aggregation, thereby avoiding the need to maintain a globally con-
sistent sample and retaining the estimator’s statistical guarantees.

Shaikh Arifuzzaman and Shubhashish Kar

Algorithm 2: Coordinator: Broadcast Coordination

Input: Stream IT = {(u, v, §) }, worker set T
1 foreach update (u,0,5) € I do
2 ‘ Broadcast (u, v, 8) to all workers i € T;

Algorithm 3: Worker i: Random Pairing-Based Estimation

Input: Broadcast stream I, memory budget k
1 Initialize R; «— 0, m; < 0, np;,ng; < 0;
2 Initialize global estimate ¢; <— 0;
3 foreach (u,0,6) € Il do
4 Compute T; = m; + np; + ng; and y; = min(k, T;);

5 Comput i = @ A = i
pute p3; = 5, A = 1/P3,1,

(%)
6 count < 0;
foreach w € (Ng, (u) \ v) do
8 foreach x € ((Ng,(w) N Ng,(v)) \ u) do
9 ‘ count < count + 1;

10 Update c; using § - count - A;;

1 Update (R;, m;, np;, ng,;) using fully dynamic reservoir
maintenance;
12 Periodically emit (i, c;) to aggregators;

Distributed Stream Model. We adopt a broadcast stream model in
which each worker observes the same sequence of updates (u,v, ),
while maintaining an independent reservoir sample. We denote
the reservoir at worker i by Ri([). The distributed framework con-
sists of three logical components. A coordinator node ingests the
fully dynamic stream and broadcasts updates to all workers (Algo-
rithm 2). Each worker maintains a local reservoir and independently
estimates the global square count (Algorithm 3). Aggregator node
collect and combine these estimates to produce the final output
(Algorithm 4). This aggregation strategy avoids the need for syn-
chronization of sampling state across workers. Consequently, each
worker produces an unbiased estimate of the global square count,
and cross-worker placement of edges does not affect correctness.
Worker-Side Estimation. Each worker independently executes the
dynamic reservoir-based estimator over the broadcast stream, as
summarized in Algorithm 3. Here, n; and n, denote the compensa-
tion counters for deletions in Random Pairing Sampling [7]. Upon
receiving an update, the worker computes the current sampling
probability based on its effective stream size, evaluates the num-
ber of sampled 3-edge configurations that form or destroy squares,
and updates its estimate using inverse-probability weighting. The
reservoir is then updated using fully dynamic sampling logic that
supports both insertions and deletions. Importantly, each worker
maintains a complete estimator of the global square count rather
than a partition-local quantity. Besides, each worker operates within
a fixed memory budget k, yielding total memory M = |T|k.

Statistical Guarantees. We now formalize the correctness and vari-
ance properties of the distributed estimator. Let

1
(1) _ (t)
e = IT| Zci :

ieT
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Algorithm 4: Aggregator: Estimate Reduction

Input: Worker outputs (i, ¢;)
1 Initialize ¢ < 0 ;

/* Runs Periodically and set ¢« 0 */
2 foreach received (i,c;) do
3 ‘ ¢« C+ci/|T|;

THEOREM 9 (UNBIASEDNESS). The distributed estimator is unbiased,
ie,E[cW] =50,

Proor. Each worker estimator is unbiased by construction (Al-
gorithm 3). The result follows directly from linearity of expecta-
tion. O

THEOREM 10 (VARIANCE REDUCTION). Assuming independence of
. t
worker reservoirs Ri( ),

C-(t) 1 (1)

i

2l = — V: \ .
T |~ |72 ;T ar(e;”)

Proor. The result follows from independence of the sampling pro-
cesses across workers and standard properties of variance. O

Var(¢®) = ZVar
ieT

The independence assumption pertains to the sampling processes
rather than the graph structure. Even if a square spans edges pro-
cessed on multiple machines, it remains detectable by each worker
because all workers observe the same stream.

Communication Analysis. A communication performance model
analytically characterizes the communication cost of a cluster us-
ing a limited set of platform-specific parameters. The Hockney
communication model [11] expresses the communication cost as

T(m) =a+ mp.

where m denotes the size of the message, a represents the net-
work latency (startup cost), and f is the reciprocal of the network
bandwidth. In Algorithms 2—4, the message size is comparatively
small. Therefore, latency (a) dominates bandwidth costs. For simple
broadcasting for the graph stream with E() edges and T workers,
the broadcasting cost can be represented as

Theast = [EV||T|(a + mp). (1)

For small messages, MPI generally utilizes tree-structured broad-
casting. Tree-structured broadcasting requires log, |T| communi-
cation steps to broadcast a message to all processes. The cost for
tree-structured broadcasting is

Ttreeibcast = |E(t) | rlogz |T|.| (0{ + mﬂ) (32)

If every worker sends messages periodically to the coordinator
for global estimation, then (a + mp) is added for each message to
calculate the total communication cost. Additionally, the framework
avoids global reservoir synchronization by design. As shown in
Algorithms 2-4, communication consists of broadcasting updates
and aggregating the messages from the workers. This significantly
reduces overhead compared to approaches that maintain globally
consistent samples.
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Table 3: Datasets and their structural properties. Counts are
reported in thousands (K), millions (M), and billions (B).

Dataset 4 |E| davg  dmax W] ISIIWI/IV] ISl/Iw]
Amazon (AZ) 334.86K  340.09K  2.03 154  2.15M  424.11K 6.45 0.19
DBLP (DB) 317.08K  782.20K  4.93 264 15.51M  34.42M 48.92 221
Youtube (YT) 1.13M 295M 521 28.75K 1.46B  468.29M 1287.41 0.32
Rn-CA (RoCA) 1.97M 275M  2.80 12 597M  261.57K 3.03 0.04
Rn-PA (RoPA) 1.09M 1.53M 282 9 338M 157.71K 3.10 0.04
Rn-TX (RoTX) 1.38M 1.90M 275 12 4.08M 181.34K 2.95 0.04
Email-Enron (EE)  36.69K 183.83K 10.02 138K 25.56M  36.26M 696.64 141
CA-HepPh (HP) 12.01K 2.66K  0.44 71 51.10K  237.64K 4.25 4.65
CA-AstroPh (AS) 18.77K 4.07K 043 83 37.49K 22.71K 1.99 0.60
LiveJournal (LJ) 4.00M  3461IM 1731 14.76K 4.24B 26.37B 1060.63 6.22
Orkut (OK) 3.07M  117.19M  76.27 3331K 45.62B 127.53B  14849.70 2.79

8 Experimental Evaluation

In this section, we assess the performance of our algorithms and
techniques using a comprehensive range of datasets.

8.1 Dataset Description

We utilize a dozen real-world graph datasets from diverse domains,
exhibiting varied structural properties and sizes. The real-world
datasets vary considerably in scale, with the number of edges rang-
ing from 183 thousand to more than 117 million. Key statistics are
reported in Table 3. The |S|/|W]| ratio is consistently higher for
social networks than for road networks, indicating a greater preva-
lence of square motifs relative to wedges in social networks. For
dynamic streams, the edge ordering of the static graph is treated
as the insertion sequence. We introduce deletions by randomly
removing 5% and 10% of the inserted edges after their insertion. All
datasets are sourced from the Stanford Network Analysis Project
[18] and the Network Repository [26].

8.2 Experimental Setup & Evaluation

The code is compiled using g++ version 11.4.0. All experiments
are conducted on a compute cluster, where each node is equipped
with an Intel Xeon E5-2697v2 processor (12 cores) and 128 GB
of RAM. The static networks are primarily represented using the
Compressed Sparse Row (CSR) format. To adapt insertions and
deletions in dynamic networks, we utilize the Packed Compressed
Sparse Row (PCSR). For distributed implementation, we utilize
the MPI-based framework for computation on multiple computing
nodes. We evaluate the approximation techniques by relative error,
which can be defined as

|Cappr0x - cexact|

Relative Error (%) = X 100 (33)

Cexact

where Cupprox and Cexacr denote the approximate count and exact
count, respectively. In this work, we report the median and average
errors on three runs.

8.3 Approximate Square Count

8.3.1 Sampling in Static Networks. To estimate the square
count in static graphs, we consider three sampling techniques: edge
sampling, wedge sampling, and centered 3-path sampling. These
three techniques involve edges of a square to estimate. Figure 4
illustrates the relative error as a function of the number of samples
(edges, wedges, and centered 3-paths for the respective methods).
For both edge and wedge sampling, the relative error approaches
approximately 1% within 30-60K samples in social networks. In
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Figure 4: Square estimation using edge, wedge, and centered path sampling. Among the sampling techniques, Centered 3-path
sampling achieves near-zero relative error with significantly fewer sampled 3-length paths than the other methods. In addition,
road network datasets exhibit lower relative error compared to social networks for edge sampling technique.
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Figure 5: The inverse relation between relative error and reservoir size for dynamic graphs in (a) Only-Insertion stream:
All datasets exhibit decreasing error and (b) Fully dynamic network: the relative error is comparatively higher for deletion
dominant streams. (c) The relationship between average error and the number of workers. The increased number of workers
reduce variance, ultimately the error, leading to better accuracy with distributed scaling,.

Table 4: Estimation of p using 10K samples under centered
3-path sampling.

Dataset Sq.  C-Path p p
Amazon 424.11K  986.36K 0.430 0.424
DBLP 3442M  47.01M 0.732 0.724
Rn-CA 261.57K 2.03M 0.128 0.126
Rn-PA 157.71K 1.15M 0.136 0.130
Rn-TX 181.34K 1.33M 0.135 0.133
LiveJournal 26.37B 54.65B 0.483 0.472
Orkut 127.53B 948.03B 0.135 0.136
Youtube 468.29M 1.68B  0.279 0.270

contrast, centered 3-path sampling attains a comparable error level
with roughly five times fewer samples. Table 4 demonstrates the

p estimation for centered 3-path sampling in different datasets.

For most datasets, centered 3-path sampling achieves an accurate
estimate of p within 10,000 samples.

8.3.2 Accuracy with Reservoir Size. Equation 24 shows the
probability pgt) ’s cubic dependence on the reservoir size k in the
context of square counting. Furthermore, Equation 25 establishes an
inverse relationship for Var($"). Consequently, the relative error

decreases as the reservoir size increases. Figures 5a and 5b illustrate
this decreasing trend in relative error with increasing reservoir size
for insertion-only dynamic networks. In fully dynamic settings,
higher deletion rates lead to increased relative error, while larger
reservoir sizes consistently reduce it.

8.3.3 Error in Distributed Sampling. Theorem 10 establishes
an inverse relationship between the variance and the number of
workers in distributed settings. The accuracy of motif counting
approximations is fundamentally governed by the variance of the
estimator; in particular, under unbiased sampling schemes, the
mean squared error reduces to the variance. In the distributed
experiments shown in Figure 5c, both reservoirs having capacities
of 8K and 16K edges, the plots exhibit a decreasing trend in average
error. Empirically, the average error is higher with two workers
and decreases as the number of workers increases.

8.4 Exact vs. Approximate Technique

Figure 6a presents a comparison of memory consumption among
exact square counting [32] and distributed random pairing in dy-
namic setting. The evaluation measures the memory required by
approximation methods to achieve a relative error of 1%. The re-
sults indicate that, for massive-scale graphs, the approximation
techniques require approximately 1.5% of the memory used by ex-
act methods to attain 1% relative error. Figure 6b demonstrates
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Figure 6: Comparison of exact square counting [32] and our
distributed random pairing in a dynamic setting. We show
improvement factors in log scale (in powers of 2, e.g., 2'°).
(a) Memory scaling based on memory required to achieve
a relative error < 1%. (b) Speedup based on execution time
required to achieve a relative error < 1%.

the runtime improvement in centered 3-path sampling over exact
counting technique. For massive-scale graphs, the sampling tech-
nique takes approximately 1000x less time compared to the exact
counting method.

9 Conclusion

In this study, we analyze the communication complexity of wedge-
based distributed frameworks and identified the computational
bottlenecks associated with exact square enumeration. To address
the limitations of exact enumeration, we present distributed al-
gorithms for square estimation in both static and fully dynamic
graphs, supported by theoretical analysis and extensive experi-
mental evaluation. For static graphs, the centered 3-path sampling
method achieves higher estimation accuracy with fewer samples
than other approaches. For fully dynamic graphs, we introduce
a distributed framework that employs broadcasting to propagate
graph streams across multiple workers and aggregates the results
from the workers. This distributed one-pass sampling framework
significantly reduces the global sample synchronization cost and
execution time while preserving statistical accuracy with provable
theoretical guarantees.
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